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In this note we examine the problem of embedding into finite projective planes 
finite linear spaces with p points and q lines satisfying (q - p)” < p and q > 2. 
I. INTRODUCTION 
In a recent paper [7] the author has classified all restricted linear spaces. 
It is the purpose of this note to make some comments about the embed- 
dability of these spaces into finite projective planes. 
We will use the notation and terminology of [6]. Let us recall some of 
the more important terms here. A finite linear space (=FLS) is a finite set 
of p so-called points together with a (finite) set of 4 subsets of points, 
called lines, such that every pair of distinct points is included in precisely 
one line and every line contains at least two points. By a restricted linear 
space (=RLS) we will mean an FLS with at least two lines satisfying 
(4 - p)” < p. The number of points on a line x (resp. lines through a 
point U) will be denoted by a(x) (resp. b(u)) and called the degree of x 
(resp. u). A k-line (resp. k-point) is a line (resp. point) of degree k. If there 
is a line of degree p - 1, then the FLS is called a near-pencil. The square 
order of an FLS is that integer n defined by n2 < p < (n + 1)“. 
The points and lines of an FLS will normally be denoted by the symbols 
U, (1 < a: <<p) and x0 (1 < Q < q) respectively, introduced so that 
CL < 6 implies b, = b(uDL) > b(u,) = ba and (J < T implies a, = a(x,) > 
a(x7)‘ = a, . 
We must also define some special FLS’s. Lin’s cross is defined as the 
unique FLS on 6 points with one 4-line and one 3-line. Ajinite semiafJine 
pZane of type III (= FSP 3) [2] is obtained from a finite affine plane 
(= FAP) by adjoining one “infinite” point corresponding to one of the 
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parallel classes. A punctured FSP3 is an FLS other than an FAP or a near- 
pencil obtained from an FSP3 by deleting one point. An FLS 9 is called 
an inj?ated FAP iff the following hold: 
(a) a subset of its points together with its induced set of lines forms 
an FAP, say 9*; 
(b) the complimentary subset of its points together with its induced 
set of lines forms a nonempty FLS, say 9’; 
(c) any line joining two points of 2 contains only points of 9’; 
(d) any line joining a point of 9”’ and a point of dp* contains at 
least one more point of 9*. 
Because of (d) it is readily seen that this determines an injection from 
the set of points of 9 into the set of “parallel classes” of 9*. If 2’ has 
only one point, then 9 is an FSP3. If 9’ has s collinear points, where 
I < s - I ,< y1 = the order of Z*, then 9 is obtainable from a finite 
projective plane (=FPP) of order II by deleting y1 + 1 - s collinear points. 
In either case let us call 9 a triGally inflated FAP. If 9’ is a near-pencil, 
then 9 is called a simply inflated FAP, and if 9’ is an FPP, then 9 is 
called a projectively inflated FAP. 
The characterization of all RLS’s has been given in [7] as: 9 is an 
RLS iff it is one of the following: 
(i) a near-pencil, 
(ii) an FAP, an FSP3, a punctured FSP3, an FPP of order y1 with 
at most y1 points deleted and no lines deleted, 
(iii) Lin’s cross, 
(iv) a simply inflated FAP, a projectively inflated FAP. 
2. RESULTS 
Obviously any RLS of type (ii) above can be embedded in an FPP of 
order n. It is also trivial to see that a near-pencil with p points can be 
embedded in any FPP of order at least p - 2 and that Lin’s cross can be 
embedded in any FPP of order at least 3. The simply inflated FAP of 
square order 2 can be embedded in the FPP of order 3 (see Fig. 1). In fact, 
since it is actually a complete quadrangle with noncollinear diagonal 
points, it follows from a result of Gleason [3] that it must be embeddable 
in every FPP other than the desarguesian FPP’s of order 2”“. Gleason 
actually proved that if every complete quadrangle in an FPP of order n has 
collinear diagonal points, then the FPP must in fact be the desarguesian 
FPP of order n = 2”. Thus we have proved: 
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1001100~100000 
0101010~010000 
0010110~001000 
1000011~000100 
0100101~000010 
0011001~000001 
1100000~001001 
1010000~010010 
0110000~100100 
. . . . . . . . . . . . . . 
0001000~001110 
0000100*010101 
0000010~100011 
0000001~111000 
FIG. 1. Embedding the simply inflated FAP of square order 2 into the FPP of order 3. 
THEOREM 1. Any RLS can be embedded in an FPP of order m for some 
integer m, except possibly the simply inflated FAP’s or projectively inflated 
FAP’s of square order n 3 3. 
As far as these exceptional cases are concerned, I have so far only been 
able to prove the following results: 
LEMMA 2. If S? is an (inflated) FAP of square order n with p = n2 + a 
points, and is embeddable in an FPP of order m > n, then if a # 0 either 
(i) nz 3 n2 + (a - n - 3)/2 or (ii) m < n + (n + 1 - a)/2 with equalities 
possible only ifa=n+ 1 or ifa=rt-l=l. If a=O, then 
(i) m > n2 - 1 - n/2 or (ii) m < 3n/2 with equalities possible only if n = 2. 
Proof. Let 9* be the defining FAP of 9, and call the a points of 
9 - .3’* ideal. Let 17 be the FPP of order m in which 9 is embedded. 
Now a line of Y* passing through an ideal point contains m - n points 
of II - 9, and these points can lie on no other line of 9’*. On the other 
hand, a line of 9?* not passing through an ideal point contains m + 1 - n 
points in IT - 9, and these points can lie on only lines of 9* that are 
parallel to it in A?*. Thus by performing this count over an equivalence 
class of lines of A?* we get either (m - n) n or at least (m + 1 - n)n 
- (3 distinct points of IT - 9 lying on the lines of that class, 
corresponding to whether the lines of the class pass through an ideal point 
or not. Hence 
m2+m+1 >p+a(m-n)n i- (1~ + 1 - a) ((m + 1 - n) n - (TJ), 
which yields 
m2 - m(n” + n - 1) + (n2 - 1)(3n - 2)/2 - a(n - l)(n - 2)/2 > 0. 
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The discriminant D of this quadratic inequality in m is 
D = n* - 4n3 + 3n2 f 412 - 3 + 2a(n3 - 3n f 2). 
Then D > (n” - 212 + a - 2)2 since 1 < a < IZ + 1, with strict inequality 
unless a=n+lorunless a=n-l=l. Alsoif a=0 we have 
D 2 (n” - 2n - 1)” with equality only if n = 2. Therefore, either 
(i) m > n2 + (a - n - 3)/2 with equality only if a = II + 1; or 
(ii) 1% < n + (n + 1 - a)/2, with equality only if a = n - 1 = 1. 
In case a = 0 we get either 
(i) m 3 n2 - 1 - n/2 with equality only if n = 2, or 
(ii) m < 3n/2 with equality only if IZ = 2. 
COROLLARY 3. Let 9 be an FAP of order n, which is embedded in an 
FPP of order m > n, say 17. For each point u in 17 let k = k(u) denote the 
number of lines of S? which pass through u. Then 
(i) if k = 0 for some point, m > n2 - 1, 
(ii) if k 3 1 for all points, m < n2 - 1, 
(iii) if k = 1 for some point, m > n2 _ 1 - n/2, 
(iv) if k 3 2 for all points, m = 4 and n = 3. 
ProoJ: This is essentially Theorem 1 of Ostrom and Sherk [5], the 
only difference being (iii), where we have a stronger lower bound. Their 
lower bound for (iii) was m 3 n2 - n + 1. It is clear that the new bound 
is better. Note that for 72 = 2 it is clearly true. For IZ > 3 we use Lemma 2 
to see that m > n2 - 1 - n/2 or m < 3n/2. But m < 3n/2 and m 3 n2 - 
n + 1 are incompatible. Thus we may conclude that m > II” - 1 - n/2. 
THEOREM 4. If 9 is an inJated FAP of square order n 2 3, which is 
embeddable in an FPP of order m > n, then m 3 p - n - 1. Further, if 8 
is trivially, simply, or projectively in$ated with p = n2 f a, then m = 
q - b, or m >p - 1, exceptpossibly ifa = 1, i.e., if9 is an FSP3. 
(Note that this is a generalization of Bruck’s theorem [l], (cf. [4, p. 398]).) 
Proof. Let B be an inflated FAP of square order IZ >, 3, and suppose 
that 9 can be embedded in an FPP, say 17, of order m > II. Let the number 
of points p = ~9 + a. Let us agree to call the (n + 1)-points of 9 real and 
the other points of 9 ideal and call a line of 9’ containing real points 
real, otherwise ideal. Let x be a line of 17 which is also an (n + I)-line of 
9. Then since m > n there is at least one point of x, say u, which is not in 
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8. Then all lines joining u to a real point have only this one point in 
common with 9, since all lines of 9 passing through this real point are 
real and thus must meet x in 9. Since there must also be at least one line 
joining u to the ideal points of 9, we must have m 2 1 + n2 .- n. Now if 
it is true that u is not collinear with any two points of 9 - x for some 
point u on x - 8, then clearly m > p - n - 1. So let us suppose that it 
is false for every point of x - 9. Then there can be no more points on 
.X - dp than there are ideal lines of 9 missing x. But x contains one ideal 
point of 9 and thus 
m--n< 
a-l c 1 2 = (a - I)(a - 2)/2 < n(n - 1)/2, 
which contradicts n > 3. 
Now suppose that 9’ is trivially, simply, or projectively inflated. Let 9’ 
be the sub-FLS composed of the ideal points and ideal lines of 9. Suppose 
further that a 3 2. If there is a point of 17 such that it is not collinear with 
any two points of 9, then clearly m > p - 1. So suppose that every 
point of IT is collinear with two points of 9. Now m > p - n - 1 > 272; 
so we see that there is at least one line of rir - 9 passing through every 
point of 9’. Let y be a line of 17 - 9 passing through the point u1 of 9’. 
Then every other point of y must lie on a line of 9 and thus m < q - b, . 
On the other hand let z be the line of 9’ having maximum degree, a,‘, and 
consider it as a line of n. If there is a point w  of z - 9 such that it lies on 
only one line of 9, namely z, then m > p - a,‘. So q - b, 2 m >, 
p - a,‘. If 2 is trivially inflated then q = nB + n + 1, p = n2 + a, 
aI’ =a,andb,=n+1,whichimpliesthatm=n2=q-bb,.Ifdpis 
simply or projectively inflated, then q = p + n and b, = n + a,’ and 
again we have m = q - b, . So suppose that all points w  of z - 9 lie on 
another line of 9 besides z. Then m -/- 1 - a,’ < n(n + 1 - a,‘) since all 
ideal lines meet pairwise in 97 Combining this with m + 1 3 p - n we get 
a < (n - 1)(2 - a,‘) + 2, which first implies that a,’ < 2 since a > 2, 
and secondly that a = a,’ = 2. The above inequalities become equalities 
and we get m = nz - n + 1. From Lemma 2 we have either (i) m > n2 - 
(n + I)/2 or (ii) m < FZ + (n - 1)/2. But neither of these possibilities are 
compatible with m = n2 - n + 1. Therefore, the theorem holds. 
THEOREM 5. Every inflated FAP of square order at least 3 Mlhich is not 
trivially inflated is nondesarguesian (i.e., it contains at least one nondesar- 
guesian configuration). 
ProoJ Let 9 be an‘inflated FAP of square order at least 3 and let 8* 
be its defining FAP of order n. Further suppose that the points of 9 - 9* 
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are not collinear. Then there are 3 parallel classes of lines in 5?* whose 
“ideal” points are not collinear in 9. Clearly we may select points II, u‘, w  
so that uv, VW, uw are lines with one of them lying in each of these 3 
classes. Let s be any point in Z* not lying on these 3 lines. Let u’, v’, w’ 
be chosen in 5?* such that U’ lies on su but is different from s and U, v’ 
lies on sv and u’v’ is parallel to uv in 9* and w’ lies on SW and U’W’ is 
parallel to uw in Z*. Let (uv), (VW), (uw) be the “ideal” points of uv, VW, uw 
respectively. Then by supposition (uv), (VW), (uw) are not collinear. Also 
uv and U’V’ pass through (uv) and uw and U’W’ pass through (uw). To show 
that 9 is nondesarguesian we need only show that the meet of VW and 
v’w’ is not collinear with (uv) and (uw). If VW and v’w’ are parallel in Z*, 
their meet is (VW) and we are finished. If VW and v’w’ are not parallel in S?‘*, 
then again we are finished, since in an inflated FAP any line joining two 
“ideal” points contains only “ideal” points and the meet of VW and v’w’ is 
not “ideal.” 
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